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LETTER TO THE EDITOR

Algebraic areas distributions for two-dimensional Levy flights

J Desbois

Division de Physique Théorique?, Institut de Physique Nucléaire, 91406, Orsay Cedex,
France

Received 13 February 1992

Abstract. We study curves generated by planar Levy flights and calculate the probability
distribution of the algebraic area ‘between the curve and the chord’. We.compare our
analytical result with computer simulations. We also consider closed curves and give the
result for the distribution of areas enclosed by those curves.

In the 1940s, P Levy solved, among others, two important problems concerning
two-dimensional Brownian curves [1]. For such curves of length 1, he calculated:

(i) the probability distribution P.(A, 1) for a closed curve to enclose a given
algebraic area A.

(i) The probability distribution P(A, t) of the algebraic area A between an open
curve and the chord linking its ends.

Since that time, the study of such algebraic areas has aroused great interest among
mathematicians and also physicists. For instance, the problem of the distribution
P.(A, ) has been recently re-examined in various contexts [2]. In particular, transport
properties in disordered materials in the presence of magnetic fields are closely related
to this distribution. It allows the calculation of corrections to weak localization
(anomalous magnetoresistance [3]) as well as to localization lengths in Anderson
insulators [4].

Our purpose in this letter is to extend the calculation of distributions P{A, t) and
P.(A, 1) to two-dimensional Levy flights. Standard techniques (such as path integrals)
used for the treatment of Brownian motion will not be efficient. Therefore, we will
have to tackle the problem in another way, essentially by solving an integro-differential
equation.

First, we recall the definition of two-dimensional isotropic Levy flights. The proba-
bility for a particle starting at r,(t =0} to reach r at time £ reads [5]
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1 2
Plrg,r;t) =P (r—rg; t)= ('—'"\ f d*k explik- (r—ry) — | k|*]
" " \2xn/ J
where |k| = (k24 k3)/? and 0< <2
Due to isotropy, P, depends only on the end-to-end distance |r— ry| that scales as

*/*. Distribution (1) is stable and indefinitely divisible. It satisfies the Chapman-
Kolmogorov equation:

P.(r; 1) =J & P (r—r;t—=7)P,(r; 7) O=<r=<¢t (2)
This property can be used to write formally P,(r; ¢) as a path integral. Dividing [0, 7]
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into N equal steps and taking the limit N -0, we get, with standard notation

rit)l=r
P(r,t)=N’ J‘ @r(r) J Dk(7) exp(J‘

r(0)=0 0

¢

(ik-r—|k|*) dT) (3)

(N' is a normalization factor).
For p =2, after the functional integration over k we are left with

r1)=¢ t
Pir;t)=N"' J Dr(7) exp(—:lt'J’ # dr). (4)

r(0)=0 0
However, when u <2, the functional integration cannot be done and (3) remains as
a formal expression that is not easily tractable. Therefore in the following, we will not
pursue these lines.
Notice that P,(r; t) can be evaluated in closed form only in a few special cases:
(i) u =2 (Brownian random walks)

1 2
P ) =— —rifat
2(", ) 411_18 (5)
satisfying the diffusion equation AP, =gP,/at
(ii) w=1 (Cauchy flights)

oo

1
P(r,1)=—— j dk k Jo(|ki-|#1) ™™

o
1 t
—_— 6
: 2o (£P+r7)? (6)
with AP, = —3*P,/a¢>.
More generally, for 0 <y <2 and r— oo, we have the asymptotic behaviour

C.t

P,(r; 1) ~_Lr2+”

1 2 (7)
2] wl2)

Equations (7) show that, for @ > p, the moments {r®) are infinite: P, is a broad
distribution. 1t does not satisfy a diffusion-type equation. However, using (2) and (7},
we can construct an integro-difierential equation involving 9P, /a1:
aP,(r. 1) 5 | Pur; )= Pur; I)]
—+2—=C, | d'r| 22 D< <2 8
at ”“ r |r‘r'|2+"l » (8)
Now, we consider the above-mentioned area distributions. A particle starting at
M, (ry, t =0) will successively reach M,, M,,... and, finally, My (ry, NAt) after a
series of N Levy flights. (From M, to M,.,, the particle flies along a straight line.) A
is the algebraic area enclosed by the polygon OM M M, ... MyO. We study the
quantity

P(rg, ry, A, NAD

= [ d’ry . diry o Pu(ry—rg; A1) . P(rn —rnoy; AL)

XS(A—%n-(f’il r;Xri+1)) (9)

(n is the unit vector along the positive z axis. We define B= Bn.)
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The prabability distribution P(A, NAt) (A: algebraic area between the curve and
the cord) will be obtained by setting r, =0 in {9) and integrating over r,; P.(A, NAt)
(A: algebraic area enclosed by a closed curve) is obtained by setting #,= ry, =0 and
correctly normalizing (translation invariance is used).

Expression (9) and the identity 278 (x) =It: dB¢'® lead to

1 400 )
P(ry, rn, A, NA) = (2—) J- dBe'® K(r,, rn, B, NAD)

ki

with
K('o’ 'y, B; NA!)

=J d*r ... diryo P(ri—wr A1) ... P(ry—ry_y; AL)

xexp[—%B(Nil r,-xr,-+,)] (10)
=0

(K(rg, tn, B,0) =58 (ry — o).
Now, it is straightforward to deduce ({ N —1)At=1)

K(l’o, sy B, t+Al}

=J d’ry_y K(r, rn_y, B, P, (ry—ry_; At)

. B
xexp[-lz-rNﬂXrN] (11)

We consider the limit At — 0. Using (1) and expanding to first order in At, we get
aK
_;(r(h r, B, 1)
1 : 2.r 32 '
=|— d’rd°kK{r,, v, B 1)
27
xexp{—iB/2-r' X r] exp[ik-(r—r)](|k|*). (12)
This is the integro-differential equation we have to solve,
Equation (12) can be rewritten
K
'_-a_r-(ros r! B’ f)=OK("o,", B! t) (13)

with

2
O= (i) I d*u &’k (|k|*) exp[—iu-k+(i/2)u-Bx r]e“"

When p=2 (Brownian curves), the quantity (exp[ik:(r—r)]k/*} becomes
(—VZexp(ik+(r—#"). Integrations by parts in (12} lead to:

K
_-g;-(r(); L8 B:I !) = ('—iv_%rx B)ZK(’.OS r B! [)

EHK(’O)"; B’ t)‘ (14)
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Thus, for Brownian curves, the operator O (13} is simply the Hamiltonian H describing
the motion of a particle of charge (—1} in a constant magnetic field B. The kernel K
is expressed in terms of the eigenstates of H:

K('Oa r, Ba t) = A; lp:kl‘.p(r())q’M,p(r’) e_IEM'p
P

¥y ()= '™ exp[—|B|r*/41AM LMY B|r?)

“AM.p
Epp= (2p+1+|M|)|B|+MB

2 \M* (p+ (M)

(15)

{M and p integers, p=0, L',,M lare Laguerre polynomials). Thereafter, we will only be
interested in zero angular momentum eigenstates.
Introducing K (B, t)={d*¢K(0, r, B, t) = {1/cosh(Bt)) and Fourier transforming,

we get
A i
PlA=—]=———"—F7—

( t) 2 cosh{wA'/2) (16)

{A: arca between the curve and the chord),
Likewise, for the areas A enclosed by closed curves

KB, 1)=K(0,0, B, 1)/K(0,0,0, 1)

Bt _ o 1
= Snh(B) (K(ﬁ, 0,0, )= Py(0; 1) —4—7”) (17)
AT v
PC(A - r) "~ 4 cosh¥(7A'/2) (18)

Equations (16) and (18) are precisely the results obtained by Levy. However, the
situation is not so simple when p <2.

Coming back to the operator O (13), we consider B> 0 for the moment. We notice
that the commutator [u-V,, u+ B X ¢'] vanishes and introduce the right and left annihila-
tion and creation operators [6] ag, ag, ar, a;

1 B . . 2 .
aR=§(J;{x—l}’)+l\/;(1)x'_Ipy))"" (19)

[aRs a;] = l
(P =—~iV).

Using commutation relations, O can be written

/ i N2 r B b r ITD, |
O = (27“- J d2k dzlt |k‘u explﬁiu- k -Z u2J expl_i\/i (uy+iux)a§J

xexp[i\/g(uy—iu,)ak]. (20)
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Performing the angular integration over k and using the notation u, xiu, =|uj %, we
develop the exponentials containing aj and ag. After the angular integration over u,
we are left with the expression:

o o . o .
OZJ J d"d“k““-u-Jo(k-u)e""‘z“(Z B2
0 0 n=0 (n !)

(a3)"(ax)"). (21)
It is, now, easy o express the operator O only in terms of the Hamiltonian H (14):
H={(2ajaz +1)B. (22)

Finally, we get (for B> 0 and B <0):

O=|B|“"2[r(§+l)]( 5 (*n/z)n(—X),,zﬂ)

n=0 (n!)’z
(a),=ala+1).. . (a+n-1) (23)
A1
“2|B| 2

o 4+
3 U

foo — NV land M — LT
T — & 1alt (Vs Y i N

1n ~
and H have the same eigenfunctions ¥,,, (15).
The kernel K is given by:

K(ro,r. B,0)= ¥ U (Po)W prp(#) €7 E M (24)
N4

and the eigenvalues EY;), by (23) and (15). In particular [7]

Ep- 1B Cy

r 2)+1+ 25
ey TP pup 2, 2, -p - 12,172 )
(F is the hypergeometric function).
Asymptotic expansion of I and F functions show that for large p values
E{;) =|B|*(2p+1)*". (26)
{We checked numerically that this asymptotic value is rapidly attained.)
For the area A between the curve and the chord, we get the distribution:
1 oo .
P(A, t)-—-(-—)J dBe'P4K(B, 1) 27
27/ )
with
K(B )= f drK(0, 7B, 1)=2 ¥ (-1)"e ", (28)
p=9

Introducing the scaling variable A'= A/t**, (27) is rewritten

P(A’):E%I_mdB e'®YK (B, 1). (29)



L760 Letter to the Editor

We briefly study the tail of this distribution. When |A’|> 0, because of the large
fluctvations of the phase factor ¢'®*, only small B values will give significant contribu-
tions to P(A’). Then, it is enough to take (26) for E{). In those conditions, it is
possible to show that

K(B, 1)=g~aI"” (30)
(a, is a constant) and
P(A')oc| Al ~UH w20 when |A'| > o (31)

(compare with (7)).

Now, we discuss Cauchy flights (x=1) and first consider a curve consisting of
only two steps (N =2, At=1, t=NAt=2; A'= A/t = A/4).

Calculation for P{A’) leads to:

P(AY = ,a(t—w—a“ (o) 1) if|A] <}
1 1+a
=g(— L. (%) - if| A" > 1
ﬁ(2a (l—af) 1) iflAT>s
8 : ’ 1
=— lf|A|=§ (32)
3w
where
1 \"? 8
a=('1—64A‘2 ) B = eaa™—1)
and
P{A)xc—"— :4|'2| when |A'| = .

Unfortunately, we have not been able to derive P(A') in closed form for a number of
steps, N, greater than 2.
So, we go to P{A'} with ¢ continuocus. The energy levels (25} Eg (” , are given by:

Fzﬁ . +i, r P + .o 2"
EBI.L='|B\UZI_ p(rp\/;z) (F(l ZP)) J p even

—|B|"'2[ 2:;‘_( (1+ ))2] p odd. (33)

The asymptotic value, V(2p+ 1)[B], is practlcally reached for p=4. To understand this
Iact, it is interesting to consider the following integro-differentia quation invoiving
K /ot

Using the definition

2
1
K("o, r, B t)= 0( r)Z[K("” B, 1+241)+ K(ro, 1, B, 1)~2K(ry, v, B, 1+Ar1)]

with
K(rg,r, B, t+2A1)

= J & & K(ro, ', B, 1YP(+"— #; A1) P\(r = r"; AY)

xexp[—iB/2- (¢ x '+ " x¢)] (34)
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after some algebra, we obtain

azK(rO’ r, B: ')
ar*

1
= HK(ro, r, B, t)"‘"_

3| TamE Kire. 7, B, 1)

2wy

xexplik:-(r—r)—i(B/2)}-r'xr]

J d’r' d’k

X(tk—(B/4)x(r—r)|—|k+(B/4)}x(r—r)|)? (35)

(H given by (14)).
Neglecting the integral term in (35) we get for the energy levels the approximate
value

E)=y(2p+1)B (36)

that is just the asymptotic value.

The integral term seems to be essentially related to non-local effects that are
drastically reduced in the presence of a ‘magnetic field’ (this one imposes a length
scale ~|B|”"?).

In figure 1, a comparison is made between (29) with u = 1 (full curve) and computer
simulations of Cauchy flights (closed circles). We have generated 10 000 open curves,
the number of steps for each curve being ¢ = 800. The probability distribution P(A’)
is a broad one: it decreases, when |A'| is large, as |A'|7¥2

The agreement in figure 1 shows that the continuous limit is already attained for
800 steps. (In fact, we got the same agreement for 400 steps. Significant discrepancies
only appear when the number of steps is very small.) It is worth noticing that the exact
energy levels (33) (or {25)) must be used in the theoretical calculation. If we replace
(33) (or (25)) by (36), the agreement is destroyed (especially for small |A'| values).

0 05 1.0 15 2.0 25

Figure 1. Computer simulations of Cauchy flights («=1). The probability distribution
P{A") is plotted as a function of the scaling variable A'= A/t** (here, A'= A/#%). 1 is
the number of steps (closed circles, r =800) and A the algebraic area between the curve
and the chord ( P(A') = P{—A’}). The full curve represents equation (29) with u=1. P(A")
is a broad distribution: the tail decreases as [A|™'"*#/? (here, |A|7Y?).
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To conclude, we give the probability distribution P,(A, ¢) for a closed curve to
enclose a given algebraic area A:

1 +eo ns K(0,0, B, t)
P{A D=t— BeftA———>2 2
4.9 (%)J‘_m B X 0,0,0,0
r(/w+1) 7
= [d
K(0,0,0,1)=P,(0, 1) =
Of course, the scaling variable A'= A/ +*'* again appears. Finally, we get
1 o0 ) i
PC(A')=(—)J. dBe'’®K-(B, 1)
20/ ) &
(38)

____2B| T g2 ,u))
Ke(B,1) = s 7 2, expl-1B*Cy)

(CY given by (25)).
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